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Abstract. We prove quantitative estimates on flows of ordinary differential equations with vector 
field with gradient given by a singular integral of an function. Such estimates allow to prove 
existence, uniqueness, quantitative stability and compactness for the flow, going beyond the BV 
r-{ , theory. We illustrate the related well-posedness theory of Lagrangian solutions to the continuity 

and transport equations. 



1. Introduction 

1.1. Ordinary differential equations with non smooth vector field. When b : [0, T] xM^ — 

M is a bounded smooth vector field, the flow of b is the smooth map X : [0, T]xR^ ^ satisfying 

r (jX 

— (s.x)^b{s,X(s,x]), s€[0,T], 

* (1.1) 

X{Q,x) = x. 

The possibility of going beyond the smooth framework (jl.ip has been studied in recent years by 
several authors. In the non smooth context, a convenient notion of generalized flow is that of 
regular Lagrangian flow. Roughly speaking, it amounts to requiring that (jl.ip is satisfied (in weak 
sense) for almost every x E M^, and that for any time s S [0, T] the map X{s, ■) : MJ^ — )• is 
almost preserving (lower bounds on) the Lebesgue measure of sets (see Definition 15.21 for the precise 
conditions). 

Existence, uniqueness and stability of regular Lagrangian flows have been first proved by DiPerna 
and Lions [18] for Sobolev vector fields with bounded divergence. Such result was later extended 
by Ambrosio [l] to BV vector fields with bounded divergence. The argument in both proofs is 
quite indirect and exploits the connection between (II. ip and the Cauchy problem for the continuity 
equation 

dtu{t, x) + div (6(t, x)u{t, x)) = , (1.2) 

together with the theory of renormalized solutions for ()1.2p . In this approach, an important tech- 
nical tool is the regularization by a smooth kernel and its commutator with the transport operator. 
For a detailed account on these results, we suggest for instance [21 [3l dSj [l6]. Further results can 
be found in H [6l US] . 

1.2. Quantitative estimates for Sobolev vector fields. In [U] it was shown that many of 
the ODE results of the DiPerna-Lions theory can be recovered with simple a priori estimates and 
functional inequalities, directly in Lagrangian formulation, that is without exploiting the connection 
with the continuity equation (jl.2p . 
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The basic idea of [14] is to consider an integral functional measuring the distance between two 
eventual regular Lagrangian flows. If X and X are regular Lagrangian flows associated to the same 
vector field 6, given (5 > we introduce the quantity 

= / log 1 + ' ^ ' \ ^ ' ^' dx (1.3) 



(suitable truncations or localizations are necessary to make this integral convergent, but for sim- 
plicity we skip such technical point in this introductory presentation). 

If uniqueness fails, it is possible to find a time s and a set A C with (A) = a > such 
that \X{s,x) — X{s,x)\ > 7 > for x £ A, implying the lower bound 

Ms) > log (l + I) = Q log (l + I) • (1-4) 
However, time differentiation of gives 



The key remark of [M] is that the estimate of the difference quotients in terms of the maximal 
function 

- C{MDb{x) + MDb{y)) for a.e. x,yeR^ (1.6) 

allows to conclude from (jl.Sp (in which we simply drop the first element in the minimum) that 

^'sis) <C j {MDb{X) + MDb{X)) dx<C j MDbdx , (1.7) 

changing variable along the fiow. Recalling that the maximal function enjoys the strong estimate 

\\MDb\\Lv < C\\Db\\LP for any p > 1, (1.8) 

we see that in the case b G with p > 1 the estimate (|1.7|) gives an upper bound on <I>^ (and 

hence on $5) uniformly with respect to 5. But this is in contrast with the non uniqueness lower 
bound p.4|) when (5—7-0, hence we obtain uniqueness of the regular Lagrangian fiow for vector 
fields in W^'^ with p> 1. 

In the same fashion, estimates providing stability (with quantitative rates), compactness and 
some mild regularity of the fiow have been obtained in |14j . 



1.3. The case when the gradient is a singular integral: sketch of the proof of uniqueness. 

The proof of [T^ breaks down when p = 1 , since the strong estimate (jl.8p does not hold any more 
and only the weak estimate 

|||Mi^5||Ui :=sup|a^^({xEM^ : \MDb{x)\ > \])\ < C\\Db\\Li (1.9) 
A>0 

is available (see Section [2] for a description of the space M^). In general MDb does not even belong 
to L\^^, hence the integral in (jl.Tp is not finite any more. This was the obstruction for the strategy 
of fTH to reach the cases W^'^ and BV . 
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In the present paper we show how it is possible to modify the proof of [H] in order to get the 
W^'^ case, and indeed the same idea allows the treatment of vector fields whose derivative can be 
expressed as a singular integral of an function, that is 

Db=K*g, gGL\ (1.10) 

where the singular kernel K is smooth out of the origin, grows at most as in R'^, and satisfies 

suitable cancellation properties (see Section [2] for the definition of singular integrals, and Section [5] 
for the precise description of the class of vector fields we are considering). Here we just notice 
that this class is natural in the context of the study of some nonlinear PDEs (see Section 11.41 for 
some detail), and that such class is not contained in BV, neither contains it. Nevertheless, (jl.lOp 
contains the regularity W^'^ (take K = 5o), already considered in [20] (see also [E]). Our main 
results were announced in [7]. 

We now informally describe the key steps of our proof. Remember that in the context 
singular integrals do not enjoy strong estimates, but only the weak estimate analogue to (II. 9p . 
When looking at the estimate for the difference quotients (II. 6p . we realize that the composition 
of the two operators (maximal function and singular integral) is involved: the quantity M[K * ^f) 
appears on the right hand side. In order to preserve in this composition the weak estimate (which 
holds separately for the maximal function and for the singular integral) , it is convenient to consider 
a smooth variant of the usual maximal function: given p € C^(M^) we set 



Mp{u){x) = sup 

e>0 



1 [ ( X — y 



P u{y) dy 



(1.11) 



We are now taking smooth averages, and we are taking the absolute value after having computed 
the average. This allows cancellations which play together with the cancellations of the singular 
kernel K. With this definition, we can deduce that the composition satisfies the weak estimate 

ll|Mp(i^ * 5)111^,, := sup |a^^({xGR^ : |M,(i^ * 5)(^)l > A}) | < CH^Uli (1-12) 

A>0 

(which cannot be obtained simply by composing the two weak estimates), and we still have the 
analogue of (jl.6p . which now reads for some p 

^-^^^^^^j^ <C{Mp{K*g){x) + Mp{K*g){y)) for a.e. x, y G M^. (1.13) 

y\ 

Going back to (jl.Sp . we see that now we have to estimate the integral of the minimum of two 
functions: the first one is L°°, but with a norm which grows when 5 — )• 0, while the (pseudo)norm 
of the second one is bounded by \\g\\L^ ■ None of the bounds by itself is sufficient, but an interpolation 
inequality allows to conclude 

C 

Recalling (jl.4p . we discover that we are exactly on the critical rate for the uniqueness: both the 
lower and the upper bounds behave like \og{l/6) for 6 small. By itself, (jl.l4p is not sufficient to 
imply uniqueness. But g & can be decomposed as g = g^ + g'^, where the norm of g^ is as 
small as desired, and g^ £ L'^. We apply to g'^ the arguments of the W^'^ case (as in Section [L2]) . 
and we are left with g^ instead of g in (|1.14p : choosing its norm small enough, we obtain a 
contradiction with (jl.4p . deducing uniqueness also in this case. 



1 + log 



(1.14) 
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1.4. Consequences, applications and possible extensions. The approach we have just pre- 
sented allows a complete theory of regular Lagrangian flows for vector fields whose gradient is 
given by a sum of singular integrals of functions: existence, uniqueness, quantitative stability 
and compactness can be proved. This gives a well-posed notion of flow, which satisfles the usual 
semigroup property. 

Being our derivation performed at ODE level, no direct consequences are available for distri- 
butional solutions of the continuity equation (II. 2p (or for the closely related transport equation). 
However, the ODE well-posedness brings as consequence the well-posedness for Lagrangian solu- 
tions to such PDEs, that is, for solutions which are naturally associated to flows. This enables us 
to construct a unique stable semigroup of PDE solutions. 

The class of vector fields we are considering is natural in view of some applications to nonlinear 
PDEs. As an example, the two-dimensional Euler equation in vorticity form reads 



where the vorticity uj is the rotational of the velocity v, that is, uj = cuvlv. This can be equivalently 
rewritten through the Biot-Savart law as 



If we look at vorticities uj G L'^{LI.), the velocity v is precisely in the setting under consideration 
in this paper. A standard smoothing procedure, together with the compactness of the associated 
ODE fiows, imply existence of Lagrangian solutions for the Euler equation. This will be contained 
in the follow-up paper [8], together with similar applications to the Vlasov-Poisson equation. 

A relevant case to be understood is that of singular integrals of measures, rather than of 
functions. Looking back at the streamline of the proof in Section ri.3| we see that we can carry on 
our analysis with g being a measure until p.l4p . Integr ability of g is just needed in the subsequent 
decomposition g = g^ + g^ , in order to gain the required smallness. A full extension of our 
proof to the case of a measure would imply a proof of Bressan's compactness conjecture [IH llOj . 
together with other deep consequences. There are however limitations to such theory, because of 
counterexamples given by Bressan |llj and Depauw |17] . In a next paper [9] we plan to consider an 
intermediate case, in which space coordinates are split into different groups: along some of them 
the derivative is the singular integral of a measure, along the remaining of an function. Further 
implications for the Vlasov-Poisson equation, in the same spirit as in [8], will follow. 

1.5. Plan of the paper. In Section[2]we introduce some background material about weak Lebesgue 
spaces, maximal functions, and singular integrals, together with an interpolation lemma. In Sec- 
tion [3] we introduce the smooth maximal function and we exploit the cancellation properties to 
prove the weak estimate for the composition of the smooth maximal function with the singular 
integral. Section H] is devoted to the proof of the fact that the smooth maximal function is suited 
for the estimate of the difference quotients, as the usual maximal function. The core estimate is 
contained in Section [5l after having introduced the notion of regular Lagrangian fiow and having 
described its main properties, we describe the class of vector fields we are interested in and we 
prove the estimate for the integral functional ^s{s) (see Proposition 15. 9p . Section [6] presents the 
corollaries of such estimate: existence, uniqueness, quantitative stability and compactness. The 



dtOJ + div {vuj) = Q 
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forward and backward flows and the Jacobian are studied. Finahy, Section [7] contains the theory 
of Lagrangian solutions to the continuity and transport equations. 

1.6. About the value of the constants. In ah the paper, we denote by C a generic constant, 
whose value may vary from line to line. In particular cases, when we want to underline the 
dependence of the constant on relevant parameters, we use subscripts like for instance Cat, Cp or 



2. Background material 

This section is devoted to some classical estimates of harmonic analysis and few extensions. 
Many proofs can be found in |21j . 



2.1. Weak Lebesgue spaces. We recall here the definition of the weak Lebesgue spaces M^^Q), 
which are also known in the literature as Lorentz spaces, Marcinkiewicz spaces, and alternatively 
denoted by LP'^{n) or LS,(0). 

As usual, is the A-dimensional Lebesgue measure, and we shall denote by Br the ball of 
radius R in centered at the origin. 

Definition 2.1. Let u be a measurable function deflned on an open set Q C M^. For any 1 < p < oo 
we set 

\M\lj,^^)=si^^[xP^''{{xGn : |n(x)|>A})}, (2.1) 

and we define the weak Lebesgue space MP{il.) as the space consisting of all measurable functions 
ti : — 7- M with |||'u|||jv,/p(Q) < +oo. By convention, for p = oo we simply set M°°(r2) = L°°(r2). 

In contrast to the case of Lebesgue spaces U'{Q,), it happens that ||M||j.fp(f2) is not subadditive 
and thus it is not a norm, hence MP{i}) is not a Banach space (for this reason, we have cho- 
sen the notation ||M||j,/p(n) with three vertical bars, different from the usual one for the norm). 
Nevertheless, the following inequality holds 

III,, I < |||,/|||P/(P+1) + |||,;|||P/(P+^) 

III" '^lllMp(n) — lll"'lllMp(n) ^ iW^WiMPin) ' 
and it implies in particular 

111^ + ''^IIImp{q) ^ (lll^lllMp{n) + lll^lllMp(f7)) • (2-2) 

Since for every A > 

\P^^{{xen : |n(x)|>A})= / XPdx< [ \u{x)\Pdx<\\u\\l^,^., 

J\u\>\ J\u\>X ^ ' 



the inclusion LP{Q) C Af^(r2) holds, and in particular we have — ll^llLP(r2)- This 

inclusion is however strict: for instance, the function 1/x defined on ]0, 1[ belongs to but not 
to 

In the following lemma we show that we can interpolate and M^, for p > 1, obtaining a 
bound on the norm, depending only logarithmically on the norm. 
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Lemma 2.2. Let n : — t- [0,+oo[ be a nonnegative measurable function, where il. C 
measure. Then for every 1 < p < oo we have the interpolation estimate 



< 



p 



p — 1 



1^1 1 1 Ml (f^) 



and analogously for p = oo 



1 + log 



1 + log 



\U\\\ Ml 



Mi(C) 



has finite 
(2.3) 

(2.4) 



Proof. Setting 

we have the identity 



(A) = ^^({n > \}nn), 



\u\\LUn) = I m{X)dX. 
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(2.5) 



Assume first that p < oo. For every A > 0, there holds 



m(A) < ^^(rj) and m(A) < 



Ia/p(Q) 



AP 

where the second estimate immediately follows from (|2.ip . According to this, we now split the 
integral in (j2.5p in three parts. Let us set 



\u\ 



a 



Imi(q) 



^^(J7) 



and 13 



1 

1 1^ \ p-i 

I "1 1 1 MP (n) \ 



A/i{n) 



Since 



we have 



\MP{n) 



l^lllMi(f7) - lll^lllMP(n) ■^^(^) " 



SO that a < /3 (we can assume that |||'u|||jv/p(q) < oo). By direct computations we have 

£^''{n)dx = \\\u\\\^,^^^ , 

\\\u\ 



llMi(n) 

"a 



dA = |||n||U,i(^)log| Jf^^(J]) 



V 



and 



iMP(n) 



XP 



dX 



p — 1 



m\ \ Ml 



Ml (n) 



(2.6) 
(2.7) 

(2.8) 



Summing up (12. 6p . (12. 7|) . (12. 8p and recalling (12. 5p . the desired formula (12. 3p is proved. The case 
p = oo giving ()2.4p is easier and is left to the reader. □ 
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2.2. Maximal function. We now introduce the concept of maximal function and present some 
relevant properties. 

Definition 2.3. Let n be a measurable function defined on R'^. We define the maximal function 
of u as 

Mu{x) = sup + W{y) \ dy for every x G . (2-9) 

e>0 Jb^{x) 

We define similarly the maximal function of a locally finite measure. 
Proposition 2.4. For every 1 < p < oo we have the strong estimate 

\\Mu\\lp(^-^n) < Cn,p\\u\\lp(rn) , (2.10) 
while for p = 1 we have the weak estimate 

\\\Mu\\\j^^i(^^N) < Cn\\u\\l^-^n-^ . (2.11) 
The inequality (j2.1ip also holds for a finite measure. 

Remark 2.5. We stress the fact that the strong estimate ()2.10p does not hold when p = I. It is 
even possible to show that, if u G L"'^(M^) and u ^ 0, then Mu L^(R^). Nevertheless, given u S 
L^{R^), we have Mu G Lj^^iR^) if and only if \u\ log+ |u| G Ll^^{R^), where log+ t = max{log t, 0}. 

Lemma 2.6. Let ip :]0,oo[— )• [0,oo[ he a nonincreasing function and assume that 

1=1 '^{\y\)dy < oo. 

Then for every u G Lj'Q^(]R^) and every e > we have 

f \u{x — y)|— jT^V' ( — ) dy < I ■ Mu{x) for every x G 
Jrn e'" \ e J 

The proof of this lemma can be found in [2Tj, Chapter III, Section 2.2, Theorem 2(a). 

2.3. Singular integral operators. We now present different classes of singular kernels and de- 
scribe the properties of the associated singular integral operators. As usual, o5^'(M^) is the space 
of tempered distributions on M^, and ^(R^) the Schwartz space. 



Definition 2.7 (Singular kernel). We say that is a singular kernel on M if 

(i) K G ^'(M^) and K G L°°(M^); 

(ii) -f^|K^f\{o} ^ -^ioc(^^ \ {0}) ^^'^ there exists a constant A> such that 

/ \K{x - y) - K{x)\dx < A for every y G M^. 

J\x\>2\y\ 

Theorem 2.8 (Calderon-Zygmund). Let K be a singular kernel and define 

Su = K*u foru£ L'^{R^), 

in the sense of multiplication in the Fourier variable (recall (i) in Definition \2. Then for every 
1 < p < oo we have the strong estimate 

\LviRN.<CNA^+\\K\\L^)\\u\\LP(RN), uGL^nL^R^), (2.12) 
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while for p = 1 we have the weak estimate 

\\\Su\\\J,J^^^^^<CNiA+\\K\\Loo)\\u\\L^^N), ueL^nL\R^). (2.13) 

Corollary 2.9. The operator S can be extended to the whole L^(M^) for any 1 < p < oo, with 
values in L*'(R^), and estimate (j2.12p holds for every u E U'{R.^). Moreover, the operator S 
can he extended to the whole L^(M^), with values in Af-'^(]R^), and estimate (j2.13p holds for every 
u G Li(K^). 

Definition 2.10. The operator S constructed in Corollary l2.9l is called the singular integral operator 
associated to the singular kernel K. 

Remark 2.11. The case p = 1 deserves some comments. Indeed, the extension S^^^ defined on 
with values in can induce some confusion, due to the fact that a function in is in general 
not locally integrable, thus does not define a distribution. We can observe that for u G L^(M^), we 
can define a tempered distribution S^u € =5^'(M^) by the formula 

{S^u,^) = (u, S^^ for every e ^(M^), (2.14) 

where S is the singular integral operator associated to the kernel K{x) = K{—x). Indeed, for 
if E ^(M^), we have Sip G H'i{M.^) C Co(M^) for q > N/2. Then : L\R^) ^'(M^) is an 
extension of S, with values tempered distributions. The operators S^'^^ and are different and 
cannot be identified. Observe also that S^u G ^'(R^) can also be defined by ()2.14p for u a finite 
measure on M^. Also notice that the definition in (I2.14p is equivalent to the definition in Fourier 
variables 

S^u = Ku, 
for which we use that K G L°° and u G L°° . 

The following characterization of singular kernels is available. 

Proposition 2.12. Consider a function K G Lj'Q^(M^ \ {0}) satisfying the following conditions: 
(\) There exists a constant ^ > such that 



/ \K{x — y) — K{x) \ dx < A for every y G 

J\x\>2\v\ 



\x\>2\y\ 

(ii) There exists a constant ^ such that 



'\x\<R 

(iii) There exists a constant A2 >0 such that 



/ |3;||Er(x)| dx < AqR for every R > 0; 
J\x\<R 



K{x) dx 

Ri<\x\<R2 



< A2 for every < i?i < i?2 < 00. 



Then K can be extended to a tempered distribution on which is a singular kernel, unique up to a 
constant times a Dirac mass at the origin. Conversely, any singular kernel on has a restriction 
on \ {0} that satisfies the previous conditions (i), (ii), (iii). 

For our purpose we introduce a more regular class of kernels. 
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Definition 2.13. We say that a kernal is a singular kernel of fundamental type if tlie following 
properties liold: 



fi) i^|Kiv\{o}eCi(M^\{0}); 



(ii) There exists a constant Co > such that 



(iii) There exists a constant Ci > such that 



K{x)\ < for every x ^ 0; (2.15) 



fiv) There exists a constant Ao > sucli that 



C 

\VK{x)\ < for every x / 0; (2.16) 



K{x) dx 

Ri<\x\<R2 



< A2 for every < Ri < R2 < 00. (2.17) 



These conditions imply those in Proposition 12.12] 

2.4. An interpolation lemma. The following interpolation lemma is a generalization of classi- 
cal results on singular integrals, see for instance Section II. 2 of [21j . We give its full proof for 
completeness. 

Lemma 2.14. Let T+ : L^(]R^) — )■ L^(R^) be a (nonlinear) operator satisfying 

(i) r+(ii) > for every u G L'^{R^); 

(ii) T+{u + v) < T+{u) + T+{v) for every u,v e ^^(R^); 

(iii) T^{Xu) = |A|T_|.(n) for every u € L^(IR^) and every A G M; 

(iv) There exists a constant P2 ^ suc/i that 

II^+(^^)IIl2(rjv) < P2\\u\\L2f^N) for every u e L^{R^); 



(v) There exists a constant Pi > such that if u ^ L^(]R^) satisfies sptn C Bji{xo) for some 
xq € M'^ and R > 0, and J^n u = 0, then 

T+{u)dx < Pi||n||ii(iRiV) . 

x—xo\>2R 

Then there exists a constant Cn, which depends only on the dimension N , such that 

ll|r+(^^)lllMi(MiV) < C^(Pi +P2)||u||ii(MiV) for every u G n L2(]R^). 
Proof. We preliminarily notice that from assumptions (i), (ii), (iii) it follows that 

r+(-n) = r+(n), |r+(n) - r+(^;)| < T+(n - v), (2.18) 
for every u,v L^(M^). 

Step 1. Calderon-Zygmund decomposition. Given u G L^(M^) n L^(M^) and a > 0, we 
perform the so-called Calderon-Zygmund decomposition in cubes of (see for instance Section 
1.3 of |21j). We find a family {Ik}kLi of closed cubes with disjoint interiors such that 

a^^ih) < [ \u\< 2^a^^{Ik) for every k, 
Jh, 
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and 

\u\ <a a.e. outside Uklk- 

We then set 

Wk = (^u- j^^'^h (2-19) 

and 

u for 2; Ufc/fc, 



/ 



(2.20) 



u for 2; G /fc. 
Then we obviously have v^Wk G L-^(]R^), 

sptWfeC/fe, / Wk = G, ||wfc||£i(iRiV) < 2 / |n| , ^ ||?yfc||Li(MJV) < 2||n||^i(]jiV). (2.21 

Moreover, it is readily checked that 

+ ^Wk ^^-a.e. and in Li(E^), (2.22 



u = V 

k 

and that 



\\v\\Li{m) < \\u\\li(^-^n) , lbllL°o(RJV) < 2 a. (2.23) 
We notice also that 

^''(Ukh) < ^^""ih) < -Mlhr^)- (2.24) 



k 



Now, for every k consider an open ball Bk = Br^{yk) containing Ik and with the same center yk, 
such that for some dimensional constant Pn we have 



^''{Bk)<PN^''iIk). 

Moreover, we set 

Vk = B2r,{yk), V = UkVk. 

Then, similarly as in (j2.24p . we have 

^^{V) < ^^""(Vk) < j;2^/3^i^^(4) < 2^/3^-||n||ii(iRiV) . (2.25) 



a 

k k 



Since by ()2.2ip sptit;^ C B^ and J^n Wk = 0, from assumption (v) we get 

/ T+{wk) < Pi\\wk\\Li(RN) . (2.26) 

Step 2. Proof of the weak estimate. We fix an arbitrary m £ N and we first estimate 
T+ {v + YlT=i '^k)- From (ii) it follows that 

(m \ m 

v + J2wk] <T+iv) + Y,T+iwk). (2.27) 
fc=l / k=l 
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From ([2:26]) and (l2:2T]l we deduce that 

m m 
k=l Li{R^\\/) k=l 

Moreover, noticing that ()2.23p imphes 

f N „ „ 

and using assumption (iv), we obtain 
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(2.28) 



1/2 



(2.29) 



For every A > we can estimate 
1(237)1 



f ^^(jxGM^ : r+(^)(x)>^})+i^^(^|xGy : Y.T+{wk){x) > ^ 



[\x^V : J^r+(u;fc)(x)> 



k=l 



(2.30) 



< 



< 



a A 



Now, according to (f2?T9]) . (i2?20]) we have 

m 
k=\ 

and since by p.22p 'Y^=\'^k YlT=i'^k = u — v a.e. in M^, we deduce by Lebesgue's theorem 
that, as m — )• 00, 



< |n| + |^;| G L\W^), 



+ ^ Wk ^ V + ^ Wk = u in L 



V + 2_^Wk ^ V 

k=l k=l 

According to assumption (iv) and to (j2.18p . this imphes that 



in L 



Then (up to the extraction of a subsequence) we also have T+ {v + Yl^=i ^fe) ~^ ^+(^) pointwise 
a.e. in R^, and this imphes that 

l{x:T+(n)(x)>A} < liminf 1 1^ ^ ^ ^^)(^)>^l for a.e. x G R^. 



12 



FRANgoiS BOUCHUT AND GIANLUCA CRIPPA 



Using Fatou's lemma and ()2.30p . we get 



{{x G : T+ {u) (x) > A}) 



< 



a 



A"^ a A 



(2.31) 



Since A,a > are arbitrary, we choose a in order to optimize the estimate (j2.3ip . by setting 
CK = V /3ivA/2P2- This yields that for any A > 

1 



{{x G : r+ {u) {x) > A}) 



< 



A 



PnP2 + 4P] 



which is the thesis of the lemma. 



□ 



3. Cancellations in maximal functions and singular integrals 

In this section we provide a key estimate that states that there are some cancellations in the 
composition of a singular integral operator and a maximal function. 

The idea of such cancellation is the following. To simplify, consider singular integral operators 
associated to smooth kernels K, such that K G C°°(M^\{0}), with 



dam) 



< 



for all a G and ^ G M^^\{0}. 



(3.1) 



It is well-known that such X is a singular kernel satisfying the conditions of Definition 12.131 thus 
to K we can associate a singular integral operator S, that satisfies the weak estimate (j2.13p . Now, 
if Ki and K2 are two such operators, we can consider the composition 52^1. Then, we can see 
that for all u G L^, S2S1U = Su, where S is associated to the kernel K defined hy K = K2K1, 
that again satisfies (j3.ip . Therefore, S2S1 also satisfies the weak estimate (12.13p . However, it is not 
possible to get this information just by composition, since when u €z H L^, Siu is not controlled 
in by the norm of u. The explanation of this phenomenon lies in the cancellations that hold 
in the composition 525"! (i.e. in the formal convolution K2 * Ki), due to condition (I2.17p . 

The main result of this section, Theorem 13.31 states that the same kind of cancellation occurs in 
the composition of a singular integral operator by a maximal function. However, the usual maximal 
function (j2.9p is too rough to allow such cancellation. Therefore we consider now smooth maximal 
functions, and moreover we put the absolute value outside the integral, instead of inside the integral 
as in (j2.9p . This smooth maximal function is also known as grand maximal function, and is an 
important tool in the theory of Hardy spaces (see for instance |19)). 

Definition 3.1. Given a family of functions {p^}u C L^(]R^), for every function u G L\^^{^^) we 
define the {p^} -maximal function of u as 



Mi^pvy{u){x) = sup sup 

U £>0 



where we use the notation 



pI{x - y)u{y) dy 



sup sup 

V e>0 



(/)^ *u)(x) 



for every x G K^, (3.2 



e" ve- 
in the case when {p^}v C C^(M^), we can use the same definition in the case of distributions 
u G P'(R^), more precisely we set 



Mrp^i(n)(x) = sup sup {u,p'^{x — •)) 

u e>0 



for every x G 
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Remark 3.2. Taking p^ix) = 1 \^\^i/^^{Bi) in ()3.2p gives the maximal function (|2.9p , except that 
now the absohite value is outside the integral. 

The announced cancellation between the singular integral and this maximal function are de- 
scribed in the following theorem. 

Theorem 3.3. Let K he a singular kernel of fundamental type as in Definition \2.13 and set 

Su = K * u for every u G L^(]R^). Let {p^}u C L°°(]R^) he a family of kernels such that 

sptp'^ C Bi and ||/o'^||l1(r^) ^ Qi f'^^ every v. (3.3) 

Assume that for every e > and for every v, there holds Li{e-)^ * G C},{R.^) with the norm 
estimate 

K{e-) ] * < Q2 for every e > and every v. (3.4) 



Then the following estimates hold: 

(i) There exists a constants Cn, depending on the dimension N only, such that 

|||Af|p.}(5u)|||^^i^jj^j < Cn{Q2 + Qi[Cq + Ci + ||^||oo))||^i||Li(RiV) for every u G L^r\L^{M.^); 

(3.5) 

(ii) // in addition {/O*^} C C^(M^), the estimate (j3.5|) holds for all u finite measure on M^, 
with the same constant Cn, where Su is defined as a distribution, according to ()2.14p .- 

(iii) If Q3 = supj^ IIp'^II^oo(irjv) is finite, then there exists a constant Cn, depending on the di- 
mension N , such that 

\\M{p.y{Su)\\j^2^^N) < CnQ3\\K\\oc\\u\\l2(rn) for every u G ^^(M^). (3.6) 

Remark 3.4. The assumption (j3.4p on p'^ is a regularity assumption. For instance, it is satisfied 
if p'^ G H'^ for some q > N/2 with uniform bounds. Indeed, in this case we have fP^ £ L^ with 
uniform bounds, thus since K G we get that K{S,/e)p^{^) G L^ with uniform bounds. 

Proof of Theorem [Ql Step 1. Definition of the quantity and estimates. Fix a radial 
function x £ C°°(M^), < x < 1) such that x{x) = for |x| < 1/2, x(x) = 1 for |x| > 1, and with 
llVxIloo < 3. We define 



A'^.ix) = [K{e-) * p^] (^) - (^^^ p^iy) dy'j x (f ) Kix) . 



(3.7) 



From assumption ()3.4p . the definition of x ^^(^ assumptions ()3.3p and ()2.15p . we deduce that for 
every e > and every u, we have G Cf,(M^) and 

A-{x)\ < g^ + ^^y for every x G M^. (3.8) 



j,N 

■j^ iur eveiy x t jf 

For \x\ > 2e we have 



A,-(x)= / [K{y)-K{x)]p'',{x-y)dy, 
and this implies the estimate 

|A,^(x)| < / ^lj^L^\p^^[x-y)\dy < ^7!^+?'" ' «^«^y ^ ^ "^^^^ 1^1 > (3-9) 
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In obtaining (j3.9p we have used assumptions (j2.16p and (j3.3p . the fact that the integral is indeed 
performed on the set B^{x), and that for ah x and y under consideration we have for every s E [0, 1] 

\x + s{y — x)| > |x| — |y — x| > l^l — e > |x| — \x\/2 = \x\/2 . 

Putting together (IS.Sp and (13. 9p . we obtain the existence of a dimensional constant Cn such that 



1 + 



\x\ 



N+1 



for every x G 



This in particular gives G n L°°(]R^). Applying Lemma EE with 

. ^ Q2 + Qi(go + gi) 
= + ' 

we deduce the existence of a dimensional constant Cat such that for every u G Ll^^{W^), 
supsup|(A^*'u)(x)| < Cn{Q2 + Qi{Co + Ci))Mu{x) for every x G M^. 

Thus, recalling Proposition 12.41 we deduce that 



(3.10) 



sup sup I * u\ 



V e>0 



Mi{R^) 



<C^(Q2 + Qi(Co + Ci))||n||ii 



and 



sup sup I A^ * u\ 



V £>0 



L2 



<C^(Q2 + Qi(Co + Ci))||n||i2 



for every u G L^(M^^) (3.11 



for every u G L^^W'). 



Step 2. Definition of the operator T+, interpolation lemma and conclusion of 
THE PROOF. We first notice that from the definition of A^ in (13.71) it follows that 



[p^, * K) (x) = A^x) + p\y) dy^ x ) K{x) for every 



X G 



Then, since p'^ * K £ L'^, we have 

* (5m) = (p^ * K) * m for every u G L2(M^), 
as can be easily seen by using the Fourier transform. Therefore, according to (j3.2p . 



M^pi^j{Su) = sup sup * (Su) 

V e>0 



sup sup 

V £>0 



(p^ * -ftT) * "u for every u £ L?' 



(3.12) 



(3.13) 



(3.14) 



and the left-hand side of (j3.12p is precisely the kernel we have to study. The term A^ in (j3.12p has 
been treated in Step 1. Thus since | J p"{y) dy\ < Qi, ii remains to study the operator 



T+(ti) = sup 

e>0 



for u £ L 



(3.15) 



We are going to apply the interpolation Lemma 12.141 to the operator . The only assumptions 
of the lemma that are not immediate are (iv) and (v), which will be checked in Steps 4 and 3 
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respectively, obtaining constants Pi = Cat (Co + Ci) and P2 = Cat (Co + Ci + ||-fC||oo)- Assuming 
for a moment these estimates, Lemma 12.141 yields that 



T+{u)\\\MiiuN) < Cn[Co + Ci + Halloo jlKllii 



for every u G n L^(I 



t,N\ 



(3.16) 



This, together with (IXTiD . (f3l^ . (ISlTT) and recahing ([22]), gives ([331) and proves (i). 

Then, in order to prove (ii), given a finite measure u, take a smoothing sequence and define 
ii„ = * u. Then since ii„ G H L^(]R^), we can apply (j3.5p to We observe that 5n„ — )■ in 
^'(R-'^). Therefore, for fixed e, u and x, (p^ * {Sun)){x) — (p^ * (S'u))(x) as n — 00. This implies 
that 



1 <j sup sup 

V £>0 



(5n] 



> A > < lim inf 1 < sup sup 



Pe * (SUn) 



> A 



for all A > . 



By applying Fatou's lemma, we conclude that property (ii) holds. 
Finally, to show (iii), we observe that 

\p''{x)\ < Qs 1 Bi(x) for a.e. x € M^, 

which implies according to Remark 13.21 that for all u € L"^' 

N I 



M{p.}{u){x)<Qz^'\Bi)Mu{. 



for every x E 



(3.17) 



It follows from Proposition 12.41 that 

\W{p.}{u)\\L2 < Q^J^''{Bi)\\Mu\\l2 < CnQMl2 for every u G ^^(IR^) . 

Combining this with the trivial estimate || 5*^112 < ||ir||oo||n||2 yields (j3.6p and property (iii). 



Step 3. Checking of assumption (v) of Lemma [2.14[ In this step we show the existence 
of a constant Pi such that if u e L^(R^) satisfies sptii C Bfi{xQ) and J^^ u = then 



Tj^{u) dx < Pillull^^i 

'\x-xo\>2R 

Since sptu C Br{xo) and J^m u = 0, we can write for x such that \x — xo\ > 2R, 



(3.18) 



X{-)K) *u]{x) 



\y-XQ\<B. 



X 



y~XQ\<R. 



e 

x-y 



X [ ^— ) K{x -y)-xi - — — I K{x - xo) 



u{y) dy 



e 



K{x -y) - K{x - Xo) u{y) dy 



+ 



y-xo\<R 



X 



x-y 



X 



X — Xo 

e 



K{x - xo)u{y) dy . 



(3.19) 



In order to get an estimate for (|3.15p . we are going to estimate separately the two terms in the last 
line in p.l9p . We are interested only in those x and y which satisfy |x — xo| > 2R and |y — xo| < R, 
which implies that for any < s < 1, we have 



|x — Xo + s(xo — y)\ > — 2;o| — l^o — y\ ^ \x — xo\ — R > \x — xo| — \x — xo|/2 = |x — xo|/2. (3.20) 
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For the first term in ()3.19p . using (j2.16p we can estimate the variation of K as 



\K{x — y) — K{x — xq)\ < 
Thus we obtain 

' x-y 



Ci\y - xo\ 



\x - xo + s{xo - y)\ 



N+l 



ds < 



\X — Xq 



N+l 



X 



\y-xo\<R 



< 



mTiHyndy 



K{x -y)- K{x - Xo) u{y) dy 



(3.21) 



\y-xo\<R \^ ~ \X — Xq 

In order to estimate the second term, we first notice that 



Af+l 



X — Xq 

Moreover, the above variation of x vanishes as soon as 







x(^) 









< llVxIlc 



R 



(3.22) 



x-y 



> 1 



and 



X — Xq 



e 



> 1, 



Since from (|3.2U|) we have \x — xq\ < 2\x — y\, we deduce that whenever |x — y| < e or |x — xq\ < e 
we have e > \x — xq\/2. This improves (I3.22p to 

2R 



X 



x-y 



Thus, we estimate 



\y-xo\<R 



X 



X 



x-y 



X — Xq 

e 



X 



< llVxIlc 



\X — Xq\ 



< 



6R 



Co 



y-xo\<R \X — Xq\ \X — Xo 

6CqR 



N 



X — Xq 

£ 



\u{y)\ dy 



K{x - Xo)u{y) dy 



(3.23) 



|X — Xo 



N+l 



U T.l 



Therefore, ([5:21]) and (15:23]) yield 



T+(n)(x) < (6^0 + 2^+1^1 



R 



\N+1 



for every x such that |x — xo| > 2R. 



\x — Xol 

Next we integrate over |x — xo| > 2R, and we obtain (|3.18p with Pi = Cj\f{CQ + Ci). 

Step 4. Checking of assumption (iv) of Lemma [^.14[ Let us fix a nonnegative convolution 
kernel p S C^{Bi) with jj^jv P = 1- Defining as in (j3.7p with p'^ substituted with p, the inequahty 
(j3.10p obtained in Step 1 is valid, thus given u E L^, 

sup (Ae * n)(x) < Cat (Co + Ci + \\k\\oo)Mu{x) . 

e>0 

Similarly, we can use estimate (j3.17p . which yields 



sup |(pe * Su){x)\ < CnM{Su){x). 

e>0 



(3.24) 
(3.25) 
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T+(n) = sup 




< sup 




+ sup 


Pe * {Su) 


e>0 




e>0 




£>0 





Therefore, i^^, (IHT^ and Proposition [231 yield 

||r+(ti)||^2(ig]V) < Cn{Co + Ci + ||K||oo)||m||l2 
which is precisely assumption (iv) of Lemma 12.141 with P2 = Cn{Cq + Ci + \\K\\ao)- D 

Remark 3.5. We remark that in Proposition 2 of Section 1.7 of [22], an estimate on T+ similar to 
(j3.16p is given in the case of a discontinuous cutoff function X; obtaining in fact pointwise bounds 
on the truncated singular integral operator. 

4. Estimate of difference quotients 

This section is devoted to the proof of a generalization of the estimate (that can be found for 
instance in [21] ) of the difference quotients of a given function in terms of the maximal function of 
its gradient. 

''^), then there exists an -negligible set Af C such that 



Lemma 4.1. If u ^ 

\u{x) - u{y)\ < Cn\x - y\ ( {MDu){x) + {MDu){y) 



for every x, y G 



(4.1) 



where Du stands for the distributional derivative of u, which is a measure here, and M is the 
maximal function (j2.9p . 

Our result below shows that it is possible to include some singular integral operators in the 
gradient, without any significant loss in the estimate (j4.ip . 

Proposition 4.2 (Estimate of difference quotients). Let u G -Lj'Q^(M^) and assume that for every 
j = 1, . . . , N we have 

m 



djU = ^Sjkgjk mP'(M^), 



(4.2) 



k=l 



where Sjk are singular integral operators of fundamental type in and gjk are finite measures in 
M^, for all j = 1, . . . , N , k = 1, . . . ,m, and where Sjkgjk is defined in the distribution sense, as in 
(j2.14p . Then there exists a nonnegative function U G M^{W^) and an -negligible set Af C 
such that 



for every x, y ^ 



\u{x)-u{y)\ < \x-y\(u{x) + U{y)^ 
Moreover, we can take U explicitly given by 

N m 

^ = X] ^{Ti-i , (&N~i}{Sjk9jk) , 

j=l k=l 

where the maximal function relative to a family of kernels is defined in Definition \3.1i the functions 
T^'^ G C;?°(M^) are explicitly defined for ^ G S^^^ and j = 1, . . . , N by 



(4.3) 
(4.4) 



T^'3{w) = h(^^-u?j Wj, 



(4.5) 
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and the kernel h is chosen such that 



'), 



/ h{y) dy = 1, spt h C -Bi/g 



(4.6) 



Proof. The property that U defined in (j4.4p belongs to is obtained directly by applying The- 
orem [331 (ii)- Indeed the kernel T^'-' defined in (|4.5p for ^ S S^~^ belongs to C^(M^) and has 
support in the unit ball because spt/i C -B1/2 and |^| = 1. Moreover it is uniformly bounded in 
and in H'^ for any g G N, thus with Remark 13.41 we get that ()3.3p and ()3.4p are satisfied for T^'-'. 

It remains to prove that (|4.3p holds for [/ defined by (|4.4p . We define as usual hr = (^) for 
all r > 0, and since J hr = 1 we can write 



u{x)-u{y) 



hr I Z 



X + y 



[u{x) — u{z)) dz + / hr I z 



X + y 



{u{z)-u{y))dz. (4.7) 



We consider one of the integrals in (j4.7p . we assume that x ^ y and we set r = \x — y\. 

Step 1. Computation in the smooth case. In order to justify the following computations, 
we assume for the moment that the functions u and gjk are smooth. Thus we can compute 



hr z 



Jo 



N 

N 
N 



X + y 



hr I z 



[u{x) — u{z)) dz 



x + y 



dju{x + s{z — x)) {zj — Xj) dsdz 



1 


1 



hr \ X 1 OjU[x — w) j^i^^ dwds 

Zi S / s 



(4.^ 



s 



hr 



X — y w \ Wj 
2 s I sr 



dju{w) {x) ds . 



Now, as usual we define for every e > 

Then from ()4.8h and the expression for the derivative of u in (14. 2 p , we deduce that 

X + y^ 



I 



hr 



N 



{u{x) — u{z)) dz = r 



L gy ^ Uj LI 



N m „x 

'■EE 

3=1 k=i 



(x) ds 







sr 



* [Sjk9jk 



(4.9) 



(x) ds. 



Therefore 



hr I z 



x + y 



(^u{x) — u{z)) dz 



N m „2 

j=i k=i 







T 



* [Sjkgjkjix) 



ds , 
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and we have the estimate 

N m „l 



EE 

j=i k=i 







T 



* [Sjkgjkjix) 



N m 

ds <EE 



sup sup 



1 "'0 ^es'v-i £>o 



ds 



N m (4-10) 

Y^^^iTi,^ ,^&^-^}{Sjk9jk){x) = U{x). 
j=i k=i 



Since the second term in ()4.7|) gives a similar contribution with x and y exchanged, this concludes 
when u and gjk are smooth. 



Step 2. Approximation argument. In the general case u € Lj^^ and gjk measures, we still 
have that U defined in (j4.4|) belongs to M^. We take a smoothing sequence Ci/n('^) = n^C,{nw), 
C S C^, j C = 1, sptC C Ba where a > is such that spth C -Bi/2-a- Convolving (j4.2p with Ci/n 
yields that = Ci/n*^ verifies the same assumption as u, with associated functions g'jf^ = Ci/n*gjk- 
Since these functions are smooth we can apply the result proved in Step 1. In particular, (j4.9p can 
be written 



x + y 



N m 

{un{x) - Un{z)) dz = r'^'^ 

j=l k=l 



Ci/n * Tir"' ' j * [Sjkgjk 



(x) ds. 
(4.11) 



Then, for e > 0, ^ G n G N, we write the kernel in the following way, 

Ci/„*Tp = (C*T|'i) ifne<l, 



V / 1/n 

Cl/n*T|'^'= (Cl/(ne)*T«''')^ 



if ne > 1 . 



Setting 



P 



I Ci/{ne) * Tf^'-' if ne > 1, 
we have spt p"''^''^'-'' C Bi, thus by applying Theorem 13.31 (ii) with v = [n,£,^) we get that 

N m 



u 



j=i k=i 



Cl/n * T^f'-'j * [Sjkgjk 



G A/^ 



In particular, there exists an ^ -negligible set A/i C M such that U{x) < oo for all x A^i. We 
have also u*^ — )• u in -Ljo^., thus after extraction of a subsequence, ^ u a.e, and there exists an 
^^-negligible set ^2 C such that u"'{x) — )• ^(a;) for all x ^2- Setting M = A/i U A/'2, we can 
pass to the limit in ()4.1ip by dominated convergence in s for all x N . This yields (j4.9p . Finally, 
the estimate (I4.10p is still valid, proving the result. □ 

Remark 4.3. The case u G BV previously stated in Lemma |4. II is obtained from Proposition 14. 21 bv 
taking m = 1 and Sjk = 5q. Noticing that according to (j3.17p we have M|Y?,j}(5'j) < CjsfMgj, we 
recover estimate (|4.ip . 
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5. Regular Lagrangian flow: definition and main estimate 

We start by recalling the notion of convergence in measure for measurable functions and by 
introducing some related notation. 

Definition 5.1 (Convergence in measure). We say that a sequence of measurable functions Un : 
— )• R converges locally in measure in towards a measurable function u : — )■ M if for every 
7 > and every r > there holds 

^'^[{xeBr : \un{x) - u(x)\ > ^}) ^ as n — )■ +00. 

We simply say that Un converges towards u in measure in when the same is true with Br 
replaced by the whole space M^. 

We denote by L'^(]R^) the space of real-valued measurable functions on M^, defined a.e. with 
respect to the Lebesgue measure .if^, endowed with the convergence in measure. We denote by 
L['q^(R^) the same space, when we mean that it is endowed with the local convergence in measure. 
We shall also denote by B{E, F) the space of bounded functions between the sets E and F. 

We shall always consider in the following vector fields b : (0, T) x — )• satisfying at least 
the following growth condition: 

(Rl) The vector field b can be decomposed as 

^^ = bi{s,x) + b2{s,x), (5.1) 
1 + \x\ 

with 

h G Li((0,r);LHR^)), 62 G ((0, T); L-(R^)) . (5.2) 

The following is the by now usual definition of flow for the ordinary differential equation in 
the case of non smooth vector fields. In all the following, we denote by logL(R^) the space of 
measurable functions u : R^ — )• R such that Jj^jv log (l + |^^(a;)|) dx is finite, and the local space 
log Lioc(R''^) is defined accordingly. 

Definition 5.2 (Regular Lagrangian flow). Let b : (0, T) x R^ R^ be a vector field satisfying 
assumption (Rl) and fix t G [0,T). We say that a map 

X G C([i,r],;LO„,(Rf)) nfi([t,r],;logLioc(R^)) (5.3) 

is a regular Lagrangian flow (in the renormalized sense) relative to b starting at time t if the 
following properties hold: 

(i) The equation 

a,(/3(X(s,x))) =f]'{X{s,x))b{s,X{s,x)) (5.4) 
holds in V'{{t,T) x R^), for every function (3 G Ci(R^;R) satisfying 

^ for all z G R^, 



|/3(z)| <C(l + log(l + |z|)) and W'{z)\<j 



+ z 



for some constant C; 
(ii) X{t,x) = X for ^^-a.e. x G R^; 
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(iii) There exists a constant L > such that for every s € [t,T] there holds 

X{s,-)#^^ < L^^ , (5.5) 

i.e. 

{{x G : X{s,x) G B}) < L^^{B) for every Borel set B C M^. (5.6) 

The constant L in (|5.5p is called the compression constant of the flow X. The condition (jS.Sp can 
also be formulated as 

/ (p{X{s,x)) dx < L / Lp[x)dx for all measurable 99 : —7- [0, oo). (5-7) 

Note that (iii) and (l5T])-(IO]) enable to get a right-hand side of in V-{{t,T),L\^^{MJ^)). 

Remark 5.3. (i) In the case of smooth flows, the bounded compression condition (|5.5p corresponds 
to the lower bound JX{s,x) > 1/L > on the Jacobian of the flow, (ii) In the sequel we shall 
also need to make explicit the dependence of the flow on the initial time t G [0, T] chosen in 
Definition 15.21 thus we shall use the notation X{s, t, x) to indicate the value at time s of the regular 
Lagrangian flow relative to b and starting at time t, with < t < s <T. 

Our definition of regular Lagrangian flow slightly differs from the usual one (see for instance 
in m E]), since in general we do not assume global boundedness of the vector field b, and thus 
we do not have that X{s, •) is locally integrable in M^. For this reason we state the equation 
in Definition I5.2f i) in the renormalized sense, since the usual distributional equation is a priori 
meaningless. A bound on X{s,x) in logLioc(K^) (as stated in ()5.3p ) indeed follows from the 
integration in s of ()5.4p . knowing that the right-hand side is in L^{{t,T), LI^^{M.^)), see (15. Sp 
below. This estimate can be slightly strenghtened by the a priori estimate on the growth of the 
flow stated in the following lemma. We preliminarily introduce the notation for the sublevels. 

Definition 5.4 (Sublevels). Let X : [t,T] x be a measurable map. For every A > we 

define the sublevel 

Ga = G : \X{s,x)\ < A for almost all s G [t,r]| . 

Lemma 5.5 (Estimate of the superlevels) . Let b : (0, T) x — be a vector field satisfying 
assumption (Rl) and let X : [t,T] x — t- be a regular Lagrangian flow relative to b starting 
at time t, with compression constant L. Then for Br the ball of radius r centered at the origin, 

for all S G [t,T], log (^^-^J^^y^^ dx < i^||6l||Li{(0,T);Ll(K^)) + ■^^(^^)II^2||li((o,t);L<-(r^)) 

(5.8) 



and 



/ 1 + \X{s, x)| \ ~ 
?< <r V TTr^ j ~ ^II^iIIlH(o,t);L1(iR'^)) +'^^(^'-)II^2||l1{(0,T);L°°(R^)) . (5-9) 



B, 

where bi and 62 <ire as in (j5.ip - (j5.2p . This in particular implies that for every regular Lagrangian 
flow X relative to b starting at time t with compression constant L, we have for all r, A > 

^''{Br\Gx) <gir,X), (5.10) 

where the function g only depends on ||6i||li((o,t);L1(r^))) II^2||li((o,t);L°°(r^)) and L, and satisfies 
g{r, A) I for r fixed and A t +00. 
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Proof. The proof can be found for instance in |14l Proposition 3.2], but for completeness we write it 
in full details. Let us take /3e{z) = log(l + ./\z^~+e^), for some e > 0. Then I^^M, (Rl) and (1^ 
yields that ds{^e{X{s, x))) e L^{{t,T), Ll^{R^)). Thus, for almost all x G M^, 9, (/3e(X(-, x))) E 
L^{t,T). This implies that for such x, coincides almost everywhere with an absolutely 

continuous function Egr^-jx) in [t,T]. We have for all s £ [t,T\ 



E,{s,x) = E,{t,x) + l3,'{X{T,x))b{T,X{T,x))dT, 

thus 

for a.e. x G M^, for a.e. s G {t,T), l3e{X{s,x)) = Ee{t,x) + j /3/(X(r, x))6(t, X(t, x))dr. 

(5.11) 

But since the integral in the right-hand side belongs to C([t, T], L/„J, and (3e{X) G C([t, T]; LJJ^J n 
B{[t,T],L\^^), we have that Efr{t,-) G -^^/oc' and (|5.11|) is valid for all s, i.e. 

for all s G [t,r], for a.e. x G M^, /3£(X(s,x)) = l3e{X{t,x))+ j /3/(X(t, x))6(t, X(t, x))(iT. 

(5.12) 

We have 



1 + VkP + e^ + ' ' '""i + l^l 

thus for all s G [t,T] and a.e. x G M^, 

/3,(X(s,x))</3,(X(t,x))+ rMll^ill^dr. 



1 + |X(t,x 

Letting e — t- this yields that for all s G \t,T] and a.e. x G M^, 

log(l + |X(.,x)|)<log(l + |x|)+ r\^h^hMdr. (5.13) 

A 1 + I^(t,2;)| 

In particular, integrating this over x G -Br yields (|5.8p . Similarly, weakening (j5.13p to a.e. x G M^, 
a.e. s G {t,T), yields (|5.9p . Then, we have 

/ ess sup log (ilHifl^^ dx > ^^iBr\Gx) log (1 + A) - ^^(B,) log(l + r) , 

Jb, i<s<T V 1 + / 

proving (j5.10p with 

^II^i|Il1{(0,T);L1(R^)) + ^^(^r)||b2||Li((0,T);L-{R^)) + -^^ {Br) log(l + r) 



log(l + A) 

□ 



Remark 5.6. The inequality (j5.13p can be reversed, by estimating (|5.12p from the other side. Thus 
we have for all s G [t, T] and a.e. x G M^, 

x(t x)) I 

iog(i + |x|)<iog(i + |x(s,x)i)+ / 7 j,^;' ; ' dr. 
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In particular, given A > and r > 0, the points x where |X(s,x)| < A and \x\ > r satisfy 

dr > log(l + r) - log(l + A) - \\b2\\m{o,Ty,L^im)) . 

In particular, the following counterpart of (jS.lOp holds: for fixed A, we have 

{{x G : \X{s, x)! < A, |x| > r}) — ^ as r ^ oo , 

uniformly for s £ [t,T]. 

Let us now recall some classical properties related to the notion of equi-integrability. 

Definition 5.7 (Equi-integrability). Let Q, be an open subset of M^. We say that a bounded 
family {(/jjjjg/ C L^{Q) is equi-integrable if the following two conditions hold: 

(i) For any e > there exists a Borel set A C with finite measure such that Jq\^^ \ ^i\dx < e 
for any i £ I; 

(ii) For any e > there exists 6 > such that, for every Borel set £^ C with with {E) < 6, 
there holds J^\(pi \ dx < e for any i € I. 

We recall in passing that the Dunford- Pettis theorem ensures that a bounded family in L^(f]) 
is relatively compact for the weak topology if and only if it is equi-integrable. Also notice 
that every finite family is (trivially) equi-integrable. An interesting property is that a sequence 
Un G L^(]R^) converges to u in L^(R^) if and only if it is equi-integrable and Un converges to u 
locally in measure. The following lemma can be proved with elementary tools. 

Lemma 5.8. Consider a family C L^{Q) which is bounded in L^(J7). Then this family is 

equi-integrable if and only if for every e > 0, there exists a constant and a Borel set G ^1 
with finite measure such that such that for every i £ I we can write 

Lpi = ip} + iff , 

with 

llv^i llLi{n) < ^ and spt (v?!) C Ae, W^ih^^n] < C'e for all i G /. 

In order to obtain results of well-posedness (i.e., existence, uniqueness and stability) for the 
regular Lagrangian fiow, the mere growth conditions in (Rl) are not sufficient. Some assumptions 
on the space derivatives of the vector field are needed (see for instance the discussion in [21 [U [13] ) . 
We are interested in the case when the space derivatives of the vector field can be expressed as 
singular integrals of functions, with singular kernels of fundamental type as in Definition 12.131 
We thus assume that in addition to (Rl) b satisfies the following assumption. 

(R2) For every i, j = 1, . . . , N we have 

m 

9jb' = T.^%9jk in V'{{0,T) x M^), (5.14) 

k=l 

where S"*^ are singular integral operators of fundamental type in (acting as operators in 
independently of time) and the functions gj/^ G ((0, T) x M^) for every i, j = 1, . . . , N 
and every k = 1, . . . ,m. For notational simplicity, we shall also use the vectorial notation 

m 

9jb = Y.Sjkgjk inP'((0,r) xM^), (5.15) 

k=l 



J \h{T,X{T,x)) 
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in which Sjk is a vector consisting of N singular integral operators, and for every j = 
1,...,N and every k = l,...,m we have gjk G L^((0,r) x M^;M^). Note that the 
equations ()5.14p or ()5.15p can also be formulated as equations in P'(M^) for almost every 

t G (o,r). 

We also make the following local integrability assumption, 
(R3) The vector field b satisfies 

b G Lf^e([0' ^] X ^'^) for some p > 1. (5.16) 

We are now in position of proving our main quantitative estimate on the regular Lagrangian 
flows. The idea is to consider an integral functional that controls the distance between two flows, 
and to derive estimates in the same spirit of [H] . A key tool is given by Theorem 13.31 that allows 
to estimate the composition of singular integral operators with smooth maximal functions, that 
appears in ()4.4p when estimating the differential quotients as ()4.3p in Proposition 14.21 

Proposition 5.9 (Fundamental estimate for flows). Let b and b be two vector fields satisfying 
assumption (Rl), and assume that b also satisfies assumptions (R2), (R3). Fix t G [0,T) and let 
X and X be regular Lagrangian flows starting at time t associated to b and b respectively, with 
compression constants L and L. Then the following holds. For every 7 > and r > and for 
every r] > there exist A > and C^^r,ri > such that 

if^(i?,n{|X(s,-)-^(s,.)| >7}) <C7,.,,||6-6||ii((o,r)xB,) + ^? for all s e [t,T]. (5.17) 

The constants A > and C^^r,r) > 0, beside depending on 7, r and rj, also depend on 

• The equi-integrability in L^(^{0,T) x M^) of the functions gjk associated to b as in (j5.15p .' 

• The norms of the singular integral operators Sjk associated to b as in (|5.15p (i.e., the 
constants Co + Ci + ||i^||oo from Definition \2. 1 

• The norm \\b\\Lv[(Q^T)xBx) corresponding to (I5.16P ; 

• The quantities ||ii||Li(Li) + ||^2||li(l°°) '^rid ||^i||li(li) + ||^2||li{l°°)) for decompositions of 
b and b as in (f5TT]) - (f572]) .- 

• The compression constants L and L. 

Proof. For any 5 > 0, X > and s G [t, T] let us deflne the quantity 

JBrnGxnGx V ^ 

where Gx and G\ are the sublevels of X and X respectively, deflned as in Deflnition 15. 4[ Because 
of the continuity statement in (j5.3p . $5 is continuous, and since in (j5.18p the values of x that 
are involved correspond to bounded trajectories, we are able to use (j5.4p in the classical sense of 
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derivatives of absolutely continuous functions. Thus $5 is also absolutely continuous, with 

^ JBrnCxnGx 6 + \X{s,x) - X{s,x)\ \X{s, x) - X{s, x)\ 

< f \b{s,Xis,x))-bisp{is,x))\ 
~ JBrnGxriGx 6 + \X{s,x) - X{s,x)\ 

< f \b{s,Xis,x))-bisp{is,x))\ r \b{s,Xis,x))-bisp{is,x))\ 
~ JBrnGxriGx 6 + \X{s,x) - X{s,x)\ JBrnGxriGx 5 + \X{s,x) - X{s,x)\ 



- "T /" \b{s,x) — b(s,x)\dx 
^ IB, 



^ r ^.^f \bis,Xis,x))\ + \b{s,X{s,x))\ \bis,Xis,x))-b^s,X{s,x))\ ^^ 

JBrnGxnGx I ^ ' \X{s,x) - X{s,x)\ J 

We now apply Proposition 14.21 for almost all s, which gives the existence of a function U (s) S 
M^{M.^) estimating the difference quotients of the vector field b. We obtain 

^'s{s)<j\\bis,-)-bis,-)\\LHBx) 

f . (\b{s,X{s,x))\ \b{s,X{s,x))\ ^, — , ,,1 , 

+ / _ mm <^ ' ^ r + y ; U{s, X{s, x)) + U{s, X{s, x)) \ dx . 

JBrnGxnGx I d J 

(5.19) 

Now, observing that ^s{t) = 0, for any r G [t,T] we integrate (j5.19p over s € {t,T) to get 

'^S{r) <^\\b-b\\Ll(it,r)xBx) 

rf ■ (\b{s,X{s,x))\ \b{s,X{s,x))\ ^^ , , 

+ / / _mm<^ '^' + I ^ ' y ] U{s,X{s,x)) + U{s,X{s,x))\ dxds. 

Jt JBrnGxnGx [00 J 

(5.20) 



Recall that U is given by (|4.4p . Let us fix e > 0, that will be chosen later, and apply Lemma 
to the finite family of functions gj^ € L^[{0,T) x M^). This gives the existence of a constant Cg 
and a set with finite measure such that for every j = 1, . . . ,N and k = 1, . . . ,m, we have a 
decomposition 

gjkis, x) = g]^{s, x) + c/|fc(s, x) 

satisfying 

ll5jfcllLi((0,T)xR^) < ^ and spt (5^!^,) C A^, |b|fellL2((0,T)xR^) < C'e • (5.21) 
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The constant measures the equi-integrabihty of the family gjf^ in L^((0,T) x M^). We deduce 
that 

m N 

k=l j=l 

m N m N (5.22) 

< X] X] ^^{T«.i, ^&'^-^}iSjk9jk) + X] X] ^&'^-^}iSjk9jk) 

k=l j=l k=l j=l 



Plugging (15:22]) into dOOjl gives 
I 



'^6{t) <j\\b-b\\Liat,T)xB,) 



rr . (\b{s,x{s,x))\ \b{s,x{s,x))\ ^, —, , , 

Jt JBrnGxnGx [00 J 

rr . f \b{s,xis,x))\ , |6(.,X(g,x))| , 2 1 

+ / / _mm < 1 -z ; U [s, X{s,x)) + U [s, X[s, xj) > ax as. 

Jt JBrnGxnGx [00 J 

(5.23) 

For the second double integral we write 

f . ( \b(s,X(s,x))\ \b(s,X(s,x))\ ^^n, _ 1 

/ _mm <^ ' ^ ' ^ + ' ^ r ; U^is, X{s, x)) + f/2(s, X(s, x)) ^ dx 

JBrnGxnGx I d J 

< / _(u'^is,X{s,x)) + U'^{s,X{s,x))) dx 
JBrnGxnG^ J 

<{L + L) / U'^{s,x)dx. 
Jbx 

Therefore, the second double integral I2 in (I5.23P is estimated by 

I2 < iL + L)\\U^\\Li^^t,,)^Bx) < (L + L) [(r-t)if^(SA)]'^'||f/'||L2((i,.)xRiV). (5.24) 
Now, applying Theorem 13.31 to the operator 

m N 

5 ^ X] X] ^^{T«.MG§'v-i}('S'ifc5'jfc), (5.25) 

fe=l j=l 

where the kernels T^'-' are defined in (j4.5p - (j4.6p . yields that this operator (j5.25p is bounded 
L2(M^) L2(M^) and L\R^) M^{R^), with constants P2 and Pi respectively, depending 
only on the norms of the singular integral operators 5^^ (recall (j2.2p that enables to control a finite 
sum m M^). Then, using the simple inequality 

\\Ht,x)\\\J^.Jl^ < II |||u(t,x)|||j^i 11^1 , 
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we obtain that 



l^^lllMi({t,r)xR^) ^Pl\\9^\\Lmt,r)xRN) 



ll^lL2({t,r)xR^') ^^2|b^||L2((t,r)xR^') ■ 

This last inequahty yields with (j5.24p that 

Next, we would like to estimate the first double integral Ii in (j5.23p . We observe that 

\\\^^ ^ ^^))\\ \ Kn{(t,T)x{Brr\Gxr^G^)) - ^ lll^^('*'^)lllA/i((t,r)xBA) ' 
and similarly for X. Thus denoting by 



(5.26) 



if{s, x) = min 



\b{s,X{s,x))\ ^ \b{s,Xis,x))\ 



6 5 
we have 

lll'^lllAfi((*,r)x(B.nG,nG.)) <2(L + L) |||f/i|||,.^,((^^^)^^^^ < 2^^ (5.27) 
But on the other side, 



1 



LP((i,r)x(B,.nG;,nG,)) ^ 7 II ^(«' ^))l + IKs, ^is, 3;))| |Lp((i_,) 



x{BrnGxnGx)) 



^ ^ \MLP{{t,T)xB^) < 2 ^ \MLP{{t,T)xB^)- 

Apply now the interpolation Lemma 12.21 to the function ip and using ()5.27p . ()5.28p gives 
h -- 



(5.28) 



\Lmt,T)x{BrnGxnGx)) 
<^2{L + L)Pi\\g'hi^^t,r)xR^) 



P 



(5.29) 



1 + log^ 



(L + L)Vp||6|Up((,,,),^^) [(r - t )^^{Br)] 

(L + L)Pl||gl||il((t^^)x]RiV) 



where we used that the map z i— )■ z{l + log'^(il'/2)) is nondecreasing over [0, oo). Plugging the 
estimates ([522]), (jOS]) in (f05|) . we deduce with ([^i^ that 



L 



<^s{r) <-\\b-bhiat,r)xBx) + {L + L)P2 {T-t)^^{B^) 



1/2 



+ ^-2{L + L)Pie 
p — I 



1 + log^ 



{L + Ly/P\\bUpat,r)xBx) [(r - t )if^(i3.)] 
(L + L)Pie 



(5.30) 



But according to the definition (|5.18p of ^^(t), given 7 > 0, we observe that 



Mr) > [ 

JB,- 



log 1 + 4 dx 



Brr\{\X{T,x)-X{T,x)\>'y}r\GxnGx 

log (1 + 1) (^Br n {|x(r, •) - x{t, •)! > 7} n Ga n Ga 
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which imphes 

^^(s,n{|X(r,.)-X(r,-)| >7}^ 

< (Br n { \X{t, •) - X(r, .)\>j]nGxnGx)+ ^""{Br \ Gx) + ^^(i?. \ Gx) 



< + ^""(Br \ Gx) + ^^(S. \ Gx) 

log(l + J 



Combining ()5.3ip and (|5.30p we get 

i^^(i?.n{|x(T,-)-x(T,-)| >7 



(5.31) 



<51og [l + i) log (1 + L 



1/2 

a 



^ p {L + L)P^e 
p-1 log (1 + 21^ 



1 + log^ 



• (L + L)Vp||6||^,((,_,),5^) [(r - t)^^{Br)] 



S! I \ {L + L)Pie S 

+ ^''{Br\Gx)+^''{Br\Gx) 

= I + II + III + IV + V. 

(5.32) 

We are now ready to conclude. Let use fix r/ > 0. According to Lemma 15.51 we can choose A > 
large enough to ensure that IV < r//4 and V < r//4. We then consider ///. We can find e > small 
enough in such a way that /// < r//4 for every < 5 < ^ (notice that /// is uniformly bounded as 
5 4, 0). Since at this point A and e (and thus Cg) are fixed, we choose 5 > small enough in such a 
way that II < rj/4. By setting 

C ^ 

51og(l + J 

where (5 > has been chosen according to the above discussion, the proof is completed. □ 

6. Regular Lagrangian flow: existence, uniqueness, stability and further 

properties 

In this section we show how the estimate in Prop osition 1 5 . 9 1 implies the well-posedness and further 
properties of the regular Lagrangian flow. We start by showing uniqueness and stability. 

Theorem 6.1 (Uniqueness). Let h he a vector field satisfying assumptions (Rl), (R2) and (R3), 
and fix t ^ [0, T). Then, the regular Lagrangian flow associated to b starting at time t, if it exists, 
is unique. 

Proof. It is a straightforward consequence of Proposition 15. 9i Indeed, consider two regular La- 
grangian flows X, X associated to h and starting at time t, with compression constants L and L. 
Then we obtain the validity of (|5.17p with b = b. Namely, for every 7 > and every r > 0, there 
holds 

^^(Brn{\X{s,-) -X{s,-)\ >7}) <r/ for ah r? > and s G [t,T]. 
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This implies that X = X. □ 

Theorem 6.2 (StabiHty). Let {hn} he a sequence of vector fields satisfying assumption (Rl), 
converging in LJ^^([0,T] x M^) to a vector field b which satisfies assumptions (Rl), (R2) and (R3). 
Assume that there exist X„ and X regular Lagrangian flows starting at time t associated to bn and 
to b respectively, and denote by Ln and L the compression constants of the flows. Suppose that: 

• For some decomposition + \x\) = bn,i + bn,2 as in assumption (Rl), we have that 

ll^r!.,i||Li(Li) + ll^n,2||Li(L°°) cqui-bounded in n; 

• The sequence {Ln} is equi-bounded. 

Then the sequence {Xn} converges to X locally in measure in M^, uniformly with respect to s and 
t. 

Proof. We apply Proposition 15.91 with b = bn- According to our assumptions, the constants A > 
and C^^r,r] can be chosen independently of n. Thus, we can choose n large enough in such a way 
that 

C^,r,ri\\b - bn\\m{o,T)xBx) < V for all n > n. 
This means that, given any r > and any 7 > 0, for every 77 > we can find n for which 

(^Brn{\X{s,-) - Xn{s,-)\ >7}) <2r] for all n > n and s e [t,T]. 

This is precisely the desired thesis. □ 

The existence of the regular Lagrangian flow follows by an approximation procedure, again with 
the help of Proposition 15.91 in order to to derive a compactness estimate. 

Lemma 6.3 (Compactness). Let {bn} be a sequence of vector fields satisfying assumption (Rl), 
(R2) and (R3), converging in L\^^{[{),T] x M^) to a vector field b which satisfies assumptions (Rl), 
(R2) and (R3). Assume that there exist Xn regular Lagrangian flows starting at time t associated 
to bn, and denote by Ln the compression constants of the flows. Suppose that: 

• For some decomposition bn/{^ + \x\) = bn,i + &n,2 as in assumption (Rl), we have that 

\\bn,i\\L^(L^) + ll^n,2||Li(L°°) equi-bounded in n; 

• The sequence {Ln} is equi-bounded; 

• For some p > 1 the norms \\bn\\Lp{{o,T)xBr) ^'^^ equi-bounded for any fixed r > 0; 

• The norms of the singular integral operators associated to the vector fields bn ( as well as 
their number m) are equi-bounded; 

• The functions g^j^ are uniformly in n equi-integrable in L^((0, T) x M^). 

Then the sequence {Xn} converges as ?i —)• 00 to some X locally in measure in R^, uniformly with 
respect to s and t, and X is a regular Lagrangian flow starting at time t associated to b. 

Proof. The application of Proposition 15.91 to the vector fields 6„ and bm yields that for any r > 
and 7 > 

.if^(i?r. n {|X„(s, •) — Xm(s, •)! > 7} ) ~^ as m,n—)- 00, uniformly in s, 
Thus there exists X G C([t, T],; L0,^(M^)) such that Xn ^ X locally in measure in R^, uniformly 
in s,t. The bound (j5.8p being uniform in n and s,t, we deduce that X £ ^([t, r]^; log Lioc(M^)) . 
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It satisfies obviously (ii) in Definition 15. 2i For (iii), it is enough to prove ()5.7p for 99 G Cc(M^), 
> 0, and it follows from Fatou's lemma, with L = liminf L„. Finally, for proving (i) in Defini- 
tion [5?2l it is enough to get (j5.4p for /3 S C^(]R^), because a general /3 can be approximated by 
I3e{z) = /3(z)x(elog(2 + where x ^ C'^([0,oo)), x > 0, xiv) = 1 for y < 1 (use Lebesgue's 

theorem). Now, for (3 G C^(M^), we can pass to the limit from the equation (|5.4p written for Xn-, 
because then Xn{s,t,x) lies in a fixed ball (the support of /3), and we have the uniform bound 
\\^n\\LP{(Q,T)xBr)^ which implies local equi-integrability. Thus in this context it is enough to prove 
the local convergence in measure of l3{Xn) and [3' {Xn)bn{s,Xn) to (i{X) and (3'{X)h{s,X) respec- 
tively, which can be obtained with standard analysis (see for example the proof of Theorem 16.41 
below, with the use of Lusin's theorem). Therefore X is a regular Lagrangian flows starting at time 
t associated to h. □ 

In order to find a sequence of approximations 6„ to h with uniformly bounded compression 
constants, a convenient method is to make a further assumption on the divergence of the vector 
field, as we describe in the following theorem (but see also Remark 16. 5p . 

Theorem 6.4 (Existence). Letb he a vector field satisfying assumptions (Rl), (R2) and (R3), and 
assume that 

div6>a(t) m(0,r)xM^, with a L^{<d,T). (6.1) 

Then, for all t G [0,T) there exists a regular Lagrangian flow associated to b starting at time t. 
Moreover, the flow X satisfies 

X G C(DT;<c(Kf )) nS(i^T;logLioc(Mf )) , (6.2) 

where Dt = {(s, t);0 < t < s < T}, and for every 0<t<T<s<T there holds 

X{s,T,X{T,t,x)) = X{s,t,x) for^^-a.e. x€R^. (6.3) 
Proof. We fix a positive radial convolution kernel (" in M^, with spt C C By defining 6„ = b* Cn, 

X 

it is immediate to check that there exist decompositions 6^/(1 + |a;|) = + bn,2 as in (jS.ip for 
which 

ll^n,i||Li(Li) + ll^ri,2||Li(L°°) IS equi-bounded in n, 
and that the sequence {bn} is equi- bounded in Lf^^([0,r] x R^). Moreover, we have 

m 

djbn = Sjk {gjk) „ in V'{{0, T) X R^) , 
k=l 

where we have set 

(9jfc)„ = 9jfc*Cn• 
Thus, for all j = 1, . . . , A'' and k = 1, . . . ,m, the family {{gjk)n}neN is bounded in ((0, T) x R^) 
and equi-integrable in (0, T) x R^ (indeed it converges strongly in L^((0,T) x R^) to gjk)- 

Let us consider, for every n, the regular Lagrangian flow X„ associated to bn starting at time t, 
which indeed is a classical flow, being each smooth with respect to x. By (j6.ip we have div6„ = 
(div6)*C„ > a(t), thus we can take for compression constant of X^ the value = exp (||a||Li(o,r)) 5 
independently on n. Applying Lemma [631 vields the existence result, with L = exp (||q;||^1(-o^t)) • 

The continuity statement in (16. 2p follows from the uniform convergence result of Lemma 16. 3^ 
and the boundedness in logLioc(R^) comes from the uniform in time estimate (jS.Sp . 
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It remains to prove (j6.3p . Note that the composition in this formula is well-defined almost 
everywhere in x because of (j5.6p (take B of zero measure). We still use the approximation of b 
by a sequence 6„ of smooth vector fields, in such a way that X„(s, t, •) converges towards X{s, t, •) 
locally in measure in M^, uniformly in (s,t) G Dt- Clearly (j6.3p holds for the approximating fiows 
Xn. In order to pass to the limit we show that 

Xn[s,T, Xn{T,t, ■)) ^ X (^s,T, X{T,t, ■)) locally in measure in M^. (6.4) 

Let us fix r/ > 0, 7 > and r > 0. According to Lemma 15.51 we can find A > r depending on t] and 
r in such a way that for all s and t 

^"{Br \ ) < 7? and {B,. \ '") < ?? , 

where we denote by G^'* and G*^'*'" the sublevels at fixed time of X and Xn respectively, i.e. 
G^'* = {x S : \X{s,t,x)\ < A} (the inequality (|5.10p is valid for these sublevels, just use (|5.8p 
instead of dOD ). 

Since X„(t, t, •) — )• X(r, t,-) locally in measure and uniformly in r, t, we can find iii such that 
for all n > ni, and all r, t, 

^^(i?A\Si"'"'*) <r), with ^i"'"'* = {x G i^A : |X„(r, x) - X(t, t, x)| < 7/4} . 
Then we have 

=^^(B,n{|X„(s,r,X„(r,t,-)) -X(s,r,X(r,i,-))| > 7}) 

< (Br n n { |X„(s, r, X„(t, t, •)) - X{s, T, X„(t, t, •)) | > 7/4}) 

^ ^ (6.5) 

+Jf^ (fi, n Gf n Gf " n { |X(s, T, X,(t, t, •)) - X{s, r, X(t, t, •)) I > ^7}) 

+^^{B,. \ Gf ) + ^^(5, \ Gf '"). 

The first term of the right-hand side is bounded by Ln^^ {B\\S^'^'^^ < Lnf] (for n > ni), and 
the two last terms are bounded by 77. Now, according to Lusin's theorem we can find X such that 
X(s,T,-) G C{Bl) and 

^^{B-^r\{X{s,T,-)^X{s,T,-)]) <r/. (6.6) 
Then, since X(s,r, •) is uniformly continuous, there exists a > such that 

3 

\y — x\ < a implies that |X(s, r, y) — X(s, r, x)| < -7. (6.7) 

Then there exists n2 such that for all n > n2 

^^{B,\SY'^) <r], with ^2'^'* = {x G : |X„(T,t,x) - X{T,t,x)\ < a} . 
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We can estimate the second term in the right-hand side of (j6.5p as 

^^(s.nGf nGf "n{|X(.,r,X„(r,t,-)) -^(^,r,X(r,t,-))| > ^7}) 

<if^(s,nGf nGf"n{|x(s,T,x„(T,t,-)) -x(s,T,x(T,t,-))| > ^7}) 

+Jf^ [Br n " n {X{s, r, XniT, t, •)) / X{s, r, X^r, •)) }) 
(i?, n n r, X(r, t, •)) / r, X(r, t, •))}). 

Taking into account ()6.6p . the two last terms are bounded respectively by L„7/ and L-q. Because of 
(j6.7p . the first term on the right-hand side is bounded by ^^(i?r\5'2'^'*)- We conclude that for 
n > max{ni, 712} 

^''(^Brn{\Xn{s,T,Xn{T,t,-)) -X{s,T,X{T,t,-)) \ > j]) < Cl] , 

which is exactly the desired convergence in measure in ()6.4p . Together with the local convergence 
m measure m of Xn{s,t, •) towards X{s,t, •), this proves (j6.3p . □ 

Remark 6.5. In the previous theorem we assume the condition (j6.ip in order to be sure to have a 
smooth approximating sequence with equi-bounded compression constants. An assumption on the 
divergence is the easiest (and the most explicit) way to get such equi-bound, due to the fact that 
the regularization by convolution preserves the L°° bounds on the divergence. However, according 
to Lemma 15. 3|, a sharp assumption for the existence of a regular Lagrangian flow would be the 
existence of a smooth approximating sequence with equi-bounds on the growth assumptions in (Rl) 
and (R3), that satisfies (R2) with fixed singular integral operators Sjk (or at least with singular 
integral operators satisfying uniform bounds) and with equi-integrable functions gjk, and for which 
the compression constants are equi-bounded. Observe that (by a diagonal argument) the class of 
vector fields that enjoy this approximation property is closed with respect to such convergence with 
bounds. 

Summing up all the previous results, we have existence, uniqueness and stability of the (forward) 
regular Lagrangian flow starting at time t E [0,T), associated to a vector field b satisfying assump- 
tions (Rl), (R2) and (R3) and for which (16. ip holds. In the following corollary we deal with the 
case when two-sided bounds on the divergence are assumed, and thus we can define forward and 
backward fiows, that also satisfy the usual group property. 

Corollary 6.6 (Forward-backward fiow). Let b be a vector field satisfying assumptions (Rl), (R2) 
and (R3) and assume that (]6.ip is replaced by the stronger condition 

div6 G Li((0,r);L°°(]R^)) . (6.8) 

Then, for every t G [0,T], there exists a unique forward and backward (i.e., satisfying the conditions 
of Definition \5.2\ for s < t) regular Lagrangian flow associated to b starting at time t. Such flow 
X, as a function of both s and t, satisfies 

X G G([0,T], X [0,T]t;Ll,{R^))nB{[0,T]s x [0, T]^; log Lioe(Mf )) . (6.9) 

Moreover, for every s, t and r in [0,T] there holds 

X{s, T, X{t, t, x)) = X{s, t, x) for ^^-a.e. x G , (6.10) 
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and in particular for all s, t £ [0, T] 

X{t,s,X{s,t,x)) =x for^^-a.e. xeR^. (6.11) 

Proof. The two-sided bound ()6.8p enables to apply Theorem 16.41 to b and to b{t,x) = —b{T — t,x). 
This gives the existence and uniqueness of the forward and backward flows, with a control on the 
compression constants L < exp ||div 6||j,i((q .p^.^oo^i^iv-)). Condition (j6.9p follows. 

For proving ()6.10p , we have to consider an approximation of 6 by a sequence bn of smooth vector 
fields, in such a way that Xn{s, t, •) converges towards X{s, t, •) locally in measure in M^, uniformly 
in s, t G [0,r], and with uniform bounds on the compression. This can be done by the same 
approximation as in the proof of Theorem 16.41 In this way we have a simultaneous approximation 
of the forward and backward flows. Then it is straightforward to check that the proof of Theorem l6.4l 
works as well for all values of s, r, t in [0, T]. □ 

We finally would like to define the Jacobian of the flow, which is by definition a bounded map 
JX{s,t, •) G L°°(]R^) satisfying for all s, t G [0,r] the equality 

/ f{y)dy= [ f{X{s,t,x))JX{s,t,x)dx for every /GLi(M^). (6.12) 

Proposition 6.7 (Jacobian of the flow). Consider a vector field b satisfying assumptions (Rl), 
(R2) and (R3) and such that 

div&G Li((0,r);L°°(M^)) . (6.13) 
Then there exists a unique Jacobian JX satisfying (j6.12p . Moreover, 

JXGC([0,r], X [0,r]t;L°^(M^)-«;*)nC([0,T], X [0,T]t;LL(K'^)), (6-14) 

and JX > 0. 

Proof. Step 1. Uniqueness. Assume there are two Jacobians J's,t and Jgf . Then 

/ f{X{s,t,x))Js,t{x)dx= I f{X{s,t,x))j^t{x)dx for every / G Li(M^). (6.15) 

Given g G L\R^), let us take f{y) = g{X{t,s,y)). Since the forward and backward flows have 
bounded compression, we have / G L^{R^). Thus we can substitute in (|6.15p . and with (|6.1ip we 
obtain 

/ g{x) Js,t{x) dx= g{x) Xtix) dx for every g G L^(R^). 

JrN ' J^N 

This implies that J's^t = J^it 

Step 2. Existence. We consider as in Theorem 16.41 and Corollary 16.61 a smooth approximation 
bn of b with uniform bounds. For every n we have a regular Lagrangian flow X„ associated to bn, 
and its Jacobian JXn- The a priori bound || JX„(s,t, •)||loo < exp ||div 2,1(^00) < A holds and 
since Xn is a classical flow we have 

/ f{y)dy= [ f{Xn{s,t,x))jXn{s,t,x)dx for every / G LI(M^). (6.16) 

Jr^ Jr^ 

Next, we claim that for all / G L^(M^), 

/(X„(s,t, •)) is equi-integrable in L^{R^) with respect to n,s,t. (6-17) 
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By density, it is enough to prove this for / G Cc(M'^). In this case, we just have to prove that 

sup / \f{Xn{s,t,x))\dx^O as r — oo. 

s,t,n J |x|>r 

Since / has support in a bah Bx, it amounts to prove that for A > 0, 

supif^ {{x G : |x| > r and \Xn{s,t,x)\ < A}) ^ as r ^ oo, 

s,t,n 

which holds true according to Remark 15. 6i Thus (|6.17p is proved. Then we claim that for all 

/ G L\R^) 

f{Xn{s,t,-)) f{X{s,t,-)) in L^{R^) uniformly in s,t, (6.18) 

as n — )• oo. Again by density, it is enough to prove it for / G Cc(M^), and this follows from 
(leTTll and the fact that /(X„(s,t, •)) f{X{s,t, •)) locally in measure and uniformly in s,t. Thus 
(j6.18p holds. Next, taking as above f{y) = g[X{t, s,y)) yields that ()6.12p is equivalent to finding 
JX{s,t,-) G L°°{R^) such that 

/ g{X{t,s,y)) dy = g{x)JX{s,t,x) dx for every c/ G L^(M^), (6.19) 
Jrn 

and similarly we can transform (I6.16P into 

/ g{Xnit,s,y))dy= [ g{x)JXn{s,t,x)dx for every 5 G L^M^). (6.20) 

But because of (IG.lSj) . we have (7(X„(t, s, •)) — )• g{X{t, s,-)^ in L^{R.^) uniformly in s,t, thus 
g{X{t, s, •)) G C([0, T]s X [0, T]t; L^(M^)) and we deduce that the right-hand side of (fOO]) converges 
uniformly in s,t to some continuous function, the left-hand side of (I6.19p . This being true for all 
g G L^(M^), for all s,t we conclude that JXn{s,t, ■) converges in L°° — w* to some function 
JX{s,t,-) G L°° that satisfies (I6.19p . Finally, the continuity of (|6.19p with respect to s,t yields 
that JX £ C {[0,T]s X [0,T]t; (M^ )-w*). The nonnegativity of JX„ implies also that JX >0. 

Step 3. Strong continuity. It is only now that we really use the assumption (|6.13p on div6, 
and not only the bounded compression. The Jacobians associated to the smooth fiows X„ satisfy 
the ordinary differential equation 

dsJXn{s,t,x) = {div bn)is,Xn{s,t,x)) JX„(s,t,x) , 

thus we can write ^ 

JXnis,t,x) = exp^ {div bn) {t, Xn{T,t, x)) dr . 

We have 

div bn — > div b in L^^ ( [0, T] x M^) , 

hence also locally in measure in [0,T] X R^, and X„(r,i,x) X{T,t,x) locally m measure, uni- 
formly in r, t. Since div6„ is bounded in ((0, T); L°°(M^)) , we deduce that 

(div bn) (r, Xn{T, t, x)) — > (div b) (r, X{t, t, x)) in LJoc([0, T] x M^) , uniformly in t. 
Therefore 

ps ps 

/ (div 6„) (r, X„(t, t, x)) dr — > / (div 6) (r, X(r, t, x)) dr in Lj'Q(,(M^), uniformly in s, t, 
Jt Jt 
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and 

JXn{s,t, x) ^ exp J (div 6) (r, X(r, t, x)) dr in Lj'op(]R^), uniformly in s, t. (6-21) 

We conclude that JX is equal to the right-hand side of (j6.2ip . that JXn{s,t, x) — )• JX{s,t,x) in 
Ll^O^^), uniformly in s,t, and that JX G C{[0,T], x [0,T]t; L^^iR^)) . □ 

7. LAGRANGIAN SOLUTIONS TO THE TRANSPORT AND CONTINUITY EQUATIONS 

In this final section we introduce the concept of Lagrangian solutions to the transport and conti- 
nuity equations. They are defined as superposition of the initial data with the regular Lagrangian 
flow of the ordinary differential equation. The well-posedness results stated in the previous section 
yield that such Lagrangian solutions are well-defined and stable. These solutions are in particular 
solutions in the renormalized distributional sense. 

Note that under our assumptions on the coefficient b we do not know if a solution in the renor- 
malized or distributional sense is unique. It could in principle happen that there exist several 
distributional solutions, only one of them being associated to the flow. Introducing the notion of 
Lagrangian solution, we identify (among the many possible distributional solutions) a unique stable 
semigroup of solutions. This will be relevant for the applications in the forthcoming paper [8]. 

We flrst consider the backward Cauchy problem for the transport equation with prescribed final 
data, that reads 

dtu + b-Vu = in(0,T)xM^, 

u{T,.)=u^. ^ ^ 

Definition 7.1 (Lagrangian solution to the transport equation). Assume that b satisfies (Rl), 
(R2), (R3), and div6 > a{t) with a £ L^{0,T). If G L°(]R^), we define the Lagrangian solution 
to dZl]) by 

u{t,x) = u^{X{T,t,x)) . (7.2) 

According to Theorems 16.11 and 16.41 there exists a unique forward regular Lagrangian fiow X 
associated to b. The bounded compression condition ensures that the function (|7.2p will be modified 
only on a set of measure zero if we change of representative of , justifying the definition ()7.2p . 
This definition of course gives the classical solution in case of smooth data. 

Proposition 7.2. Assume that b satisfies (Rl), (R2), (R3), and div6 > a{t) with a e L^{Q^T). 
Then the Lagrangian solution (|7.2p satisfies 

(i) For all G L^{M.^), we have u G C([0, T]; L0,^(M^)) ; 

(ii) For all E L9(M^) for some I < q < oo, we have u E C([0, T]; L9(M^)) . For all 

E L~(]R^), we have u E C{[0,T]; (R^) - w *) n C{[0,T]- Ll^{R^)) ; 

(iii) //div6 E Ll^{{0,T) x M^), then for all E L^{R^) and /3 E Cb{R), 

dt{l3{u)) +b-V{fi{u)) =Q m(0,r)xM^, 
where we define b ■ Vv = div (bv) — v divb. 

Proof. For (i), fix a ball B,. and 7 > 0, > 0. According to Lemma 15.51 we can find A > 
such that ^^{{x E Br : \X(T,t,x)\ > A}) < r? for ah t E [0,r]. Then by Lusin's theorem, 
there exists v?" E C{Bx) such that ^^{{y E Bx : u^{y) 7^ u^{y)}) < rj. Since vJ' is uniformly 
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continuous, there exists a > such that \u^{z) — u^{y)\ < 7 for ah y, z ^ B\ such that — y| < a. 
Then, given to S [0, T], there exists 5 > Q such that for \t — to| < <^ we have {{x E Br ■ 
\X{T,t^x) — X{T,tQ,x)\ > a}) < rj. Finally, for \t — tQ\ < 5 we have 

if^ {{x e Br : \u{t, x) - u{to, x)\ > 7}) 

{{x€Br : \XiT,t,x)\ < X,\XiT,to,x)\ < X,\u^{X{T,t,x)) - u^{X{T,to,x))\ > 7}) + 2r] 
< if^ ({x G 5,, : |X(r,t,x)| < X, \XiT,to,x)\ < X, \{F{X{T,t,x)) - u^{X{T,to,x))\ > 7}) 

+2r] + 2L7? 

<^^({2;GSr : \X{T,t,x) - X{T,to,x)\ > a}) + 2r] + 2Lri 
<3r] + 2Lr], 

which proves (i). 

For (ii) and q < 00, taking into account (i) we just have to prove that (|ti(t, •)l'^)o<t<T is equi- 
integrable. This holds true by using Lemma [5.8l the bounded compression property and Remark 1 5. 61 
The case g = 00 is obvious. 

For (iii), the statement involves only the function fi{vJ') (and not (3 and separately). Therefore 
we have to prove that for all G L°°(]R^), 

dt(u^{X{T,t,x))^ +b-v(u^{X{T,t,x))^ =^ in(0,r)xM^. (7.3) 

By approximation it is enough to prove (j7.3p for v?- G C^(M^). This is obtained obviously by 
approximation of b by a smooth sequence 6„ such that div 6„ div b in Ljo^ ((0, T) x M^) . □ 

Proposition 7.3 (Stability of the Lagrangian transport). Let bn, b be vector fields satisfying 
assumptions (Rl), (R2), (R3), and divfe„ > ari{i), div 6 > a{t) for some an, a G L^(0,T). 
Assume that bn ^ b in L\^^{[^,T] X M^), and that 

• For some decomposition bn/{l + \x\) = bn,i + &n,2 o-s in assumption (Rl), we have that 

ll^n,i||Li(Li) + ll^n,2||Li(L°°) cqui-boundcd in n; 

• The sequence ||an||Li(o,T) equi-bounded. 

We consider the Lagrangian solutions Un{t,x) to the transport equation with coefficient bn and final 
data G L^(R.^), as well as u{t, x) associated to b and u'^ G L^(M^). Then we have the following 
properties: 

(i) Iful ^ in <,(M^), then Un{t,x) ^ u{t,x) in C {[0,T]; Ll^{R^)) ; 

(ii) Iful in L9(]R^) for some \<q<oo, then u„(t,x) u{t,x) in C([0, T]; L9(M^)) . 
Iful^u^ in {L°°{R^)-w*)nLl^{R^), then Un{t,x) ^ u{t,x) in C([0, T]; L~(M^) - 
w*)nC{[0,T];Ll^{R^)). 

Proof. Denote by Xn and X the respective regular Lagrangian flows of 6„ and b. Then ac- 
cording to Theorem 16.41 we can take for their compression constants L„ = exp ||a„||j;^i(o,T) ™d 
L = exp ||a||Li(o,T)) which are equi-bounded. Thus we can apply Theorem 16.21 and Xn converges 
to X locally in measure in M^, uniformly in s,t. 

For (i), fix a ball Br and 7 > 0, > 0. According to Lemma 15.51 we can find A > such that 
^^{{x G Br : \Xn{T,t,x)\ > A}) < r] for all t G [0, T] and all n. Then, there exists some ni such 
that for all n > ui, [{y G Bx : \un{y) — u'^{y)\ > 7/2}) < rj. By Lusin's theorem, there exists 
vT' G C{B\) such that ^^({y G B\ : u^{y) 7^ u^{y)}) < rj. Since is uniformly continuous. 
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there exists a > such that \u^{z) — u^{y)\ < 7/2 for all y, z ^ Bx such that 1^ — y| < a. Then, 
there exists ra2 such that for n > 722 we have ^'^{{x G Br : \Xn{T,t,x) — X{T,t,x)\ > a}) < rj 
for all t S [0, T]. Finally, for n > max(ni,n2) and t G [0,T] we have 

^^{{xeBr : \Un{t,x) -u{t,x)\ > -/}) 

{{x£Br : \XniT,t,x)\ <X,\XiT,t,x)\ < X,\ul{XniT,t,x)) - u^{X{T,t,x))\ >-f})+2r] 
<^^{{x€Br : \Xn{T,t,x)\<X,\ul{Xn{T,t,x))-u^(Xn{T,t,x))\>-f/2}) 
+^^{{xeBr : \Xn{T,t,x)\ <X,\X{T,t,x)\ < X,\u^{Xn{T,t,x)) - u^{X{T,t,x))\ > 7/2}) + 2?? 
<^^{{x£Br : \XniT,t,x)\ <X,\XiT,t,x)\ < X,\u^{XniT,t,x)) - u^{X{T,t,x))\ > 7/2}) 

+ 2?7 + 2LnV + Lt] 
<^^{{xeBr : \Xn{T,t,x)-X{T,t,x)\>a}) + 2ri + 2LnV + Lr] 
< 3r] + 2Lnri + Lr], 

which proves (i). 

For proving (ii), because of (i) we need only to prove the equi-integrability of •)|'^ for 

n € N and t € [0,T]. This holds true by using Lemma 15.81 the uniformly bounded compression 
property and Remark 15.61 The case g = 00 is obvious since the L°° bound ensures the local 
equi-integrability. □ 

If in addition to the previous conditions we further assume div b € ((0, T); L°°(R^)) , we have 
existence and uniqueness of the backward regular Lagrangian flow starting at time t S [0, T], accord- 
ing to Corollary 16.61 This gives the possibility of defining the Lagrangian solution to the Cauchy 
problem for the transport equation in which we prescribe the initial data n(0, ■) = instead of the 
final data, via the formula u{t, x) = u^[X{0, t, x)) . The same results as above, regarding continuity, 
renormalized equations and stability (with bound on div 6„ in L^((0,T);L~(M^))) hold also in this 
case. 



In a similar fashion we can consider the backward Cauchy problem for the continuity equation 
with prescribed final data, that is 

dtu + div (bu) = in(0,r)xM^, 
n(r,.) = n^. 

Definition 7.4 (Lagrangian solution to the continuity equation). Assume that b satisfies (Rl), 
(R2), (R3), and div 6 G ((0, T); L°°(]R^)) . If £ L°(M^), we define the Lagrangian solution to 
(IMD by 

u{t, x) = {X{T, t, x)) JX{T, t, x) . (7.5) 

According to Theorem 16.11 and Corollary 16.61 there exists a unique forward-backward regular 
Lagrangian fiow X associated to b. With Proposition 16. 7| the Jacobian JX exists, thus (|7.5p is 
well-defined. 

Proposition 7.5. Assume that b satisfies (Rl), (R2), (R3), and div 6 G ((0, T); L°°(M^)) . 
Then the Lagrangian solution (17. 5p satisfies 

(i) For all E ^^(M^), we have u G C{[0,T]; L^^^{R^)) ; 

(ii) For all G L«(M^) for some 1 < q < 00, we have u G C([0, T]; L9(M^)) . For all 

G L°°(]R^), we have u G C{[0,T]; L°°{R^) - w *) n C {[0,T]; Ll^{R^)) ; 
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(iii) For all £ L°{R^) and (3 G C\R) with /3, + |z|) bounded, 

dt{/3{u)) +b-V{f3{u)) + I3'{u)udwb = m(0,T)xM^, (7.6) 

where we define b ■ Vv = div (bv) — v div b. 

Proof. For (i), the proof is similar to that of Propositions 17. 21 1) . using (j6.14p . 

For (ii) and q < oo, taking into account (i) we just have to prove that {\u{t, ■)|^)o<t<T is equi- 
integrable, which fohows from Propositions I7.2( ii) and the fact that JX is bounded. The case 
5 = cxD is obvious. 

For (iii), we only need to prove (17. 6p for /3(0) = 0, /3 G C^(M). Then it is enough to consider the 
case u'^ G L°°(M^) (we can replace v?" by u^l |„t|<;i,^ with A such that the support of /3 lies in the 
ball Bx), and then by approximation it is also enough to prove (17. 6p for G C^(M'^). This is 
obtained by approximation of 6 by a smooth sequence 6„ such that div 6„ — )• div b in L^^^{[0, T] xM^), 
div bn bounded in ((0, T); L~(]R^)) , which ensures that JX„ JX in Lj^^(M^), uniformly in 
s,t. □ 

Proposition 7.6 (Stability of the Lagrangian continuity equation). Let bn, b be vector fields satis- 
fying assumptions (Rl), (R2), (R3), antf div 6„, div 6 G ((0, T); L°°(M^)) . A ssume that 6„ — t- 6 
in Lj^^([0,T] X M^), and that 

• For some decomposition bn/{l + |a;|) = bn,i + &n,2 cls in assumption (Rl), we have that 

\\^n,i\\L^{L^) + ll^n,2||Li(L°°) cqui-bounded in n; 

• The sequence ||div 6„||j;^i(j;^oo) is equi-bounded; 

• div6„ div 6 in L\^^{[Q,T] x R^). 

We consider the Lagrangian solutions Un{t,x) to the continuity equation with coefficient bn and 
final data G L^{M.^), as well as u{t,x) associated to b and u'^ G L'^(M^). Then we have the 
following properties: 

(i) Iful ^ in Ll^{R^), then Un{t,x) ^ u{t,x) in C([0, T]; LO^^(M^)) ; 

(ii) Iful in L^flR^) for some 1 < g < oo, then Un{t,x) u{t,x) in C([0, T]; L5(M^)) . 
Iful^u^ in (L°°(]R^) -w*) nL/^^(IR^), then Un{t,x) ^ u{t,x) in C{[0,T]; L°°(R^) - 
w*)nC{[0,T];Li^iR^)). 

Proof. Denote by X„ and X the respective regular Lagrangian flows of 6„ and b. Then according 
to Corollary 16.61 we can take for their compression constants Ln = exp ||div 6„||^i(j;^cx3) and L = 
exp ||div 6||2,i(ioo), which are equi-bounded. Thus we can apply Theorem 16. 2| and Xn converges to 
X locally in measure in R^ , uniformly in s,t. Moreover, according to the proof of Proposition 16.71 
and because of the strong convergence of div bn, we have JXn — ?• JX in Lj'Q^(M^), uniformly in s, t, 
with JXn uniformly bounded. 

For (i), the proof is similar to that of Proposition I7.3( i). knowing that JXn — )• JX in Lj'Qj,(M^) 
uniformly in s,t. 

For proving (ii), because of (i) we need only to prove the equi-integr ability of \un{t, ■)\'^ for n G N 
and t G [0, T]. This is obvious because of Proposition 17.3( 11) and the uniform bound on JXn- The 
case g' = oo is obvious since the L°° bound ensures the local equi-integrability. □ 

We can also define the Lagrangian solution to the Cauchy problem for the continuity equation in 
which we prescribe the initial data n(0, •) = instead of the final data, via the formula u{t,x) = 
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u^[X{0,t,x)) JX{0,t,x). The same results as above, regarding continuity, renormalized equations 
and stability, hold. 

Finally, we discuss the situation of weakly convergent initial data. 

Proposition 7.7 (Weakly convergent initial data). With the same assumptions as in Proposi- 
tion \7.6\ we have the following properties: 

(i) If vF weakly in L'^(M^) for some 1 < g < oo, then Un(t,x) u(t,x) weakly in 
L'i{R^), uniformly in t € [0, T]. If uj^ in L°°(R^) — w*, then Un{t,x) u{t,x) in 
L°°(M^) - w*, uniformly in t £ [0,T]; 

(ii) The same holds for the transport equation. 



Proof. Take a test function (p €z L'' (M ). Then for all n and t G [0,T], we can consider ^„(t,?/) = 
ip{Xn{t,T,y)). We have using (f02D 

Un{t,x)ip{x) dx = / u^[XniT,t,x))JXniT,t,x)(p{x)dx 

= / ul{XniT,t,x))jXniT,t,x)iJrr{t,X4T,t,x))dx (7.7) 



Since ip(^Xn{s,t,y)^ is the solution to the transport problem with coefficient bn with data ip (in- 
dependent of n) at time s, Proposition 17.31 vields that (p(^Xn{s,t,y)) — )• (f(^X{s,t,y)) in L'''(M^) 
uniformly in s,t if q' < oo, or in L°° — w* and L^^^ if q' = oo. Thus we have that tpnit^y) 
'4'{t,y) = ip[X{t,T,y)) in this topology, uniformly in t, enabling to pass to the limit in ()7.7p and 
to conclude. The case of the transport problem works similarly, invoking Proposition 17.61 □ 
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